
Math 564: Advance Analysis 1
Lecture 25

Recall
.

A function F : (a
,
b) -> IR is called convex (resp , concave) if Ex,seabl,

↓ L 10, 13 , we have f(a.x + 11 -a (y) = X f(x) + (1 -2) · f(y)

%· lesp.) .
↳ Prop . ↑ is convex 2)

fixel-fix)
in increasing in $.

convex f X 1 - X /

[Iff" exist] =) +" =O
.

↓

Examples . (lFooded, fast is correx > del
,

and concave > G21.

(b) + is et is convex
,
while the logt is concave.

Minkowski's inequality (A-iney · for 2 , pal) . Ilf+gllp = Ifllp+/gllp for all par1.

Proof
. If for g ae

O
,
this is trivial

,
so suppose Kilp , Ilglp>0. Normalizing

by Ilf/p+1q1p (dividing holl sides)
,
we may assome WLOG At

Ifllp+11g/p=1 . Under his assumption, we need to prove Ilf+ylp=1.

By tricyle iney . If + y1<(F1+1g) , so If+s1
P=(f+1g1)P, here

it is enough ↓ prove 11ftyllpl for f
, g :0 .

Raising ho he power of p , we need to prove ((t + s)d - 1
.

Letting d : = llfllp , so IIglp=(l-2b , we write f=d . F and g
: Cal - G,

for someworn 1 funtious F
,
G
, namely For t & Gogg.

Now convexity of 114 applies :
(f+ g)" = (d . F + (1-2) · 2)P=6 . FP+31-2)GP

, integrating which
, we get :

(H + 3)
*
= 2 . (FP + (1 - 2)(c" = 2 . VEld + (1-2) · 1G/lp" = 2 . 1 + (1-3) . 1

.








